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Abstract

A subgraph in an edge-colored graph is multicolored if all its edges
receive distinct colors. In this paper, we study the proper edge-
colorings of the complete bipartite graph Km,n which forbid multi-
colored cycles. Mainly, we prove that (1) for any integer k ≥ 2, if
n ≥ 5k− 6, then any properly n-edge-colored Kk,n contains a multi-
colored C2k, and (2) determine the order of the properly edge-colored
complete bipartite graphs which forbid multicolored C6.
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1 Introduction

Throughout this paper, all terminologies and notations on graph theory can
be referred to the textbook by D. B. West [3]. A (proper) k-edge-coloring
of a graph G is a mapping from E(G) into a set of colors {1, 2, . . . , k} such
that incident edges of G receive distinct colors. It’s well-known that Km,n
has an n-edge-coloring where m and n are natural number and n ≥ m. A
subgraph in an edge-colored graph is said to be multicolored (or rainbow)
if no two edges have the same color.

Suppose G is a finite simple graph and H is a subgraph of G. An
edge-coloring of G forbids multicolored H ′s (copies of H) if each copy of
H in G has two edges with the same color. A. Gouge et al. [2] discussed
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the edge-colorings of Kn that forbid multicolored K ′
3s and thus all multi-

colored cycles. In this paper, motivated by their works, we consider the
edge-colorings of Km,n, n ≥ m, which forbid multicolored (even) cycles.
Actually, given an integer k, we want to know for what natural numbers n
and m, there always exists a multicolored C2k somewhere in any n-edge-
colored Km,n. For k ≥ 2, we define the forbidding multicolored 2k-cycles
set, FMC(2k) in short, by the ordered pair (m, n) ∈ FMC(2k) if there
exists an n-edge-coloring of Km,n that forbids multicolored 2k-cycles. Since
m < k or n < 2k gives trivial results, we only consider m ≥ k and n ≥ 2k
in the set FMC(2k).

Firstly, it is impossible to forbid multicolored 4-cycles in any n-edge-
coloring of Km,n where 2 ≤ m ≤ n and n ≥ 4.

Proposition 1 FMC(4) = φ.

Proof. It suffices to show that there exists a multicolored C4 in any
properly edge colored K2,4. Let ϕ be a properly edge coloring of K2,4 and
{u1, u2}, {v1, v2, v3, v4} be the two partite sets. For convenience, let C =
{1, 2, . . .} be the color set. Without loss of generality, assume ϕ(u1v1) = 1
and ϕ(u2v1) = 2. There must be one vertex vi, where 2 ≤ i ≤ 4, such
that ϕ(u1vi), ϕ(u2vi) /∈ {1, 2}. Thus u1 − v1 − u2 − vi − u1 is the desired
multicolored C4.

2 Forbidding Multicolored 2k-cycles

Let S be an n-set. A latin rectangle of order m × n, m ≤ n, based on S is
an m×n array in which every element of S is arranged such that each one
occurs at most once in each row and each column. A latin square of order
n based on S is a latin rectangle of order n × n. A partial latin square of
order r, r < n, based on S is an r × r array in which every element of S
is arranged such that each one occurs at most once in each row and each
column. In this paper, we use Zn = {0, 1, 2, . . . , n − 1} for the n-set S.

For example,
0 1 2
2 0 1 is a latin rectangle of order 2 × 3 based on Z3;

0 1
1 0

is a latin square of order 2 based on Z2; and
0 1
2 0

is a partial

latin square of order 2 based on Z3. In particular, the size of a partial latin
square L, denoted by |L|, is the number of elements of S actually appearing
in L.

For convenience, a latin square of order n based on Zn is denoted L =
[ li,j ] where li,j ∈ Zn and i, j ∈ Zn. Let L = [ li,j ] and M = [ mi,j ] be two
latin squares of order s and t respectively. Then the direct product of L and
M is a latin square of order s ·t : L×M = [ hi,j ], where hx,y = t ·la,b +mc,d
provided that x = ta + c and y = tb + d. For instance, let L and M be two
latin square of order 2 and 3 respectively, then L × M is a latin square of
order 6 based on Z6, as in Figure 1.

A transversal of a latin square of order n is a set of n cells with exactly
one in each row and each column and containing exactly n elements. For
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Figure 1: The direct product of L and M

example, in M (Figure 1), {m0,0, m1,2, m2,1} is a transversal. Similarly, a
transversal of a partial latin square of order r based on an n-set is set of r
cells with exactly one in each row and each column and containing exactly
r elements. It’s easy to check there is no transversal in L × M (Figure 1).
For more information on latin squares, we refer to [1].

Let L = [li,j ] be an m × n latin rectangle. There is a corresponding
relationship between L and an n-edge-colored Km,n. Let {u0, u1, . . . , um−1}
and {v0, v1, . . . , vn−1} be two partite sets of Km,n, and the edge uivj is
colored with li,j for each 0 ≤ i ≤ m − 1, 0 ≤ j ≤ n − 1, then we have an
n-edge-colored Km,n and vice versa. Now, we have

Theorem 2 If k is odd, then (m, 2k) ∈ FMC(2k) for k ≤ m ≤ 2k.

Proof. It suffices to find a 2k-edge-coloring of K2k,2k which forbids mul-
ticolored C2k. Let L2 be the latin square of order 2 in Figure 1 and M be a
latin square of order k. Notice that L2 ×M is formed by four latin squares
of order k, two of them based on Zk and other two based on Z2k \ Zk.
For convenience, name the four squares A, B, C and D clockwise from the
top-left one, see Figure 2.

Let ϕ be the 2k-edge-coloring of K2k,2k obtained by L2 × M . Suppose
it contains a multicolored C2k. Let a, b, c, and d be the numbers of cells in
A, B, C, and D, respectively, corresponding to the edges of the multicolored
cycle. Then a+b is a sum of the degrees, on the cycle, of some of the vertices
on the cycle, so a + b is even. Similarly, b + c is even. Therefore, a + c is
even. But since all 2k colors 0, 1, . . . , 2k − 1 must appear on the edges of
the cycle, a + c = k, odd. This contradiction completes the proof.

The following result provides an upper bound of the order of complete
bipartite graphs to forbid multicolored 2k-cycles.

Theorem 3 For any integer k ≥ 2, if n ≥ 5k− 6, then any n-edge-colored
Kk,n contains a multicolored C2k.

Proof. Let ϕ be an n-edge-coloring of Kk,n and the partite sets be A =
{a1, a2, . . . , ak} and B = {b1, b2, . . . , bn}. Let P = a1b1a2 · · · bt−1at be
the longest multicolored path whose endpoints lie on A. Suppose t < k.
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Figure 2: L2 × M and the four copies of M

Assume C is the set of colors which appear on P . Note that |C| = 2t − 2.
For each i = 1, . . . , k, define Si ⊂ B by b ∈ Si if ϕ(aib) ∈ C. Observe
that |St ∪ St+1 ∪ {b1, b2, . . . , bt−1}| ≤ 2(2t − 2) + (t − 1) − 1 = 5t − 6 <
5k− 6 ≤ n. Therefore, there exists a vertex b ∈ {bt, bt+1, . . . , bn} such that
ϕ(atb), ϕ(at+1b) /∈ C, a contradiction. Then t ≥ k. By the fact that a
longest path in Kk,n with end vertices in A is of length 2k − 2, we have
t = k.

We have that |S1|, |Sk| ≤ 2k − 2 and b1 ∈ S1, bk−1 ∈ Sk. Hence,
|S1 ∪ Sk ∪ {b1, . . . , bk−1}| ≤ 5k − 7. Since n ≥ 5k − 6, there exists a vertex
b ∈ B such that ϕ(a1b), ϕ(akb) /∈ C. Therefore, a multicolored C2k is
found.

3 Determining FMC(6)

By Theorem 3, if (m, n) ∈ FMC(6), then we have 3 ≤ m ≤ n and n =
6, 7, 8. The case n = 6 was done in Theorem 2, so we consider n = 7 and 8
in the following.

Let L be the corresponding latin rectangle of an n-edge-colored Km,n. If
there is a multicolored C6 somewhere, then there exists a 3×3 partial latin
square which contains two disjoint transversals using exactly 6 symbols in
L.

Proposition 4 Let L be a partial latin square of order 3 with |L| = 7.
Then, there is no multicolored C6 in its corresponding K3,3 if and only if
it contains a latin subsquare of order 2.

Proof. It suffices to consider the necessity since the sufficiency is clearly
true. Suppose L contains no latin subsquares of order 2. If there is one
element appearing 3 times, then the other 6 elements form a multicolored
C6. Therefore, assume that there are two elements, say 1, 2, appearing
twice respectively. Without loss of generality, let the two 1’s be arranged
at the diagonal in the first two rows. Then 2 occurs in the third column
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or the third row. Omitting this cell and one of the cells labeled 1, the 6 of
the the remaining cells will provide a multicolored C6, a contradiction.

Proposition 5 Let L be a partial latin square of order 3 with |L| = 6.
There does not exist a multicolored C6 in its corresponding K3,3 if one of
the following conditions occurs:

1. There exist 2 columns (or rows) in L using exactly 3 elements.

2. Some element appears three times in L.

3. L contains a latin subsquare of order 2.

Proof. Since there are only 6 elements, if there exists a multicolored C6,
all elements should appear in the two disjoint transversals. In case 1, the
elements of the third column (or row) can not all appear. In case 2, that
element can not appear only once in any two disjoint transversals. In case
3, the argument is similar to the proof of Proposition 4.

Lemma 6 For 3 ≤ m ≤ 8, (m, 8) ∈ FMC(6).

Proof. It suffices to prove the claim for m = 8. Let L2 be the latin
sqaure of order 2 in Figure 1. Let L = L2×L2×L2, a latin square of order
8 based on Z8. For convenience, name the four copies A, B, C and D of
L2 × L2 as in Figure 3.

01234567

10325476

23016745

32107654

45670123

54761032

67452301

76543210

CD

BA
a

b

h

c d k

Figure 3: L2 × L2 × L2

Suppose that there are 6 cells whose entries induce a multicolored C6.
Let L′ be the 3 × 3 partial latin square which contains the 6 cells. It
is easy to see that any 2 × 3 partial latin rectangle in L2 × L2 (A or B
or C or D) contains a latin subsquare of order 2. By Proposition 4, we
can assume that L′ traverses all four copies of L2 × L2. Without loss of
generality, suppose there are 4 cells of L′ located in A. Let the 4 cells
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be (a, c), (a, d), (b, c), (b, d), and the only one cell located on C be (h, k),
where 0 ≤ a, b, c, d ≤ 3 and 4 ≤ h, k ≤ 7 (Figure 3). By Proposition 4
and Proposition 5, la,c �= lb,d or la,d �= lb,c, and thus the four elements are
distinct. Assume that lh,k = la,c. This implies la,k = lh,c. Then we have a
copy of L2, a contradiction. Similarly, if lh,k is any of the li,j , with (i, j)
being one of the 4 cells of L′ in A, then we have a contradiction. But lh,k

must be one of these, since these 4 are distinct elements of {0, 1, 2, 3}.

Lemma 7 (3, 7) ∈ FMC(6). Furthermore, if K3,7 is 7-edge-colored such
that it forbids multicolored C6’s, there exists an induced K3,3 using exactly
3 colors.

Proof. Firstly, Figure 4 gives a 3 × 7 latin rectangle. It is not difficult
to check its corresponding 7-edge-coloring of K3,7 induces no multicolored
C6 by Proposition 4 and Proposition 5.

4651032

5462301

6543210

Figure 4: A 3 × 7 latin rectangle

Secondly, given a 7-edge-coloring of K3,7 which forbids multicolored 6-
cycles and let L be its corresponding latin rectangle. It suffices to show
that L contains a latin subsquare of order 3. For convenience, let Ci denote
the set of elements in the ith column of L where i ∈ Z7.

Claim. There exist i, j such that Ci ∩ Cj = φ.
Suppose for any i �= j, Ci ∩ Cj �= φ. Since each element occurs three

times, we have |Ci∩Cj | = 1 for all i �= j under this assertion. Without loss
of generality, let C0 = {0, 1, 2} and C1 = {0, 3, 4}. Then 3 and 4 will each
occur twice in the remaining five columns. So, there exists a Ct, where
2 ≤ t ≤ 6, such that Ct ∩ {3, 4} = φ. This implies that the three columns
C0, C1 and Ct create a multicolored C6 by Proposition 4, a contradiction.

Thus, assume C0 = {0, 1, 2}, C1 = {3, 4, 5} and C2, C3, C4 contain the
element 6. Note here that |Ct ∩C0| = 2 or |Ct ∩ C1| = 2 for all t = 2, 3, 4;
otherwise, C0, C1, Ct will create a multicolored C6 by Proposition 4. Next,
we want to claim (C2∪C3∪C4)\{6} equals C0 or C1. Suppose the assertion
is not true, without loss of generality, let |C2 ∩ C0| = 2, |C3 ∩ C0| = 2 and
|C4 ∩C1| = 2. See the left rectangle in Figure 5: the elements in cell A are
from {0, 1, 2} while the elements in cell B are from {3, 4, 5}.

Proposition 4 shows that the elements in the cells labelled A and the
cells labelled B are uniquely determined; see the right hand side rectangle
in Figure 5. Meanwhile, the elements in some cells of the last two columns
are determined except cells denoted as C, which are filled with 3 and 4. No
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Figure 5: The 3 × 7 latin rectangle

matter what the elements in C are, C0, C4 and C5 contain a multicolored
C6, a contradiction. Therefore, (C2 ∪ C3 ∪ C4) \ {6} equals C0(or C1).
Hence, combining C5, C6 with C1(or C0), we have a latin square of order
3.

Lemma 7 will yield the following result.

Proposition 8 For any 7-edge-coloring of Km,7, 4 ≤ m ≤ 7, there exists
a multicolored C6.

Proof.

465

546

654

Figure 6: The 4 × 7 latin rectangle

It’s sufficient to consider the case when m = 4. Suppose there exists
a 7-edge-colored K4,7 which forbids multicolored C6’s. Let L be its corre-
sponding 4 × 7 latin rectangle. By Lemma 7, there exists a latin square
of order 3 in the first three rows of L. Without loss of generality, we put
the latin square of order 3 in the last three columns and let the symbols be
{4, 5, 6}, see Figures 6. Next, consider the last three rows. It’s impossible
to find another latin square of order 3. It contradicts Lemma 7.

To sum up, we have the following conclusion.

Theorem 9 FMC(6) = {(m, 6)| 3 ≤ m ≤ 6}∪{(3, 7)}∪{(m, 8)| 3 ≤ m ≤
8}.
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